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Vortex states in the mixture of ultracold atomic clouds of bosons and fermions are investigated
using the effective Hamiltonian for the Bose subsystem. A stability of the Bose system in the case
of attractive interaction between components is studied in the framework of variational Bose wave
function and Thomas-Fermi approximation. It is shown that the critical number of bosons increases
in the presence of the vortex.
PACS numbers: 03.75.Fi,67.57.Fg,67.90.+z
I. INTRODUCTION
Since the first realization of Bose-Einstein condensa-
tion (BEC) in ultracold atomic gas clouds [1, 2, 3], stud-
ies in this direction have yielded unprecedented insight
into the quantum statistical properties of matter. Be-
sides the studies using the bosonic atoms, growing in-
terest is focused on the cooling of fermionic atoms to a
temperature regime where quantum effects dominate the
properties of the gas [4, 5, 6]. This interest is mainly mo-
tivated by the quest for the crossover between a BEC and
Bardeen-Cooper-Schrieffer (BCS) superfluid in ultarcold
atomic Fermi gasses [7, 8, 9].
Strong s-wave interactions that facilitate evapora-
tive cooling of bosons are absent among spin-polarized
fermions due to the exclusion Pauli principle. So the
fermions are cooled to degeneracy through the mediation
of fermions in another spin state [4, 6, 7, 8, 9] or via
a buffer gas of bosons [5, 10, 11] (sympathetic cooling).
The Bose gas, which can be cooled evaporatively, is used
as a coolant, the fermionic system being in thermal equi-
librium with the cold Bose gas through boson-fermion
interaction in the region of overlapping of the systems.
However, the physical properties of Bose-Fermi mix-
tures are interesting in their own rights and are the sub-
ject of intensive investigations including the analysis of
ground state properties, stability, effective Fermi-Fermi
interaction mediated by the bosons, and new quantum
phases in an optical lattices [13, 14, 15, 16, 17, 18].
Several successful attempts to trap and cool mixtures of
bosons and fermions were reported. Quantum degener-
acy was first reached with mixtures of bosonic 7Li and
fermionic 6Li atoms [5, 10]. Later, experiments to cool
mixtures of 23Na and 6Li [19], as well as 87Rb and 40K
[11], to ultralow temperatures succeeded.
Although Bose-Einstein condensation and supefluidity
are closely connected, they do not occur together in all
cases. For example, in lower dimensions one can observe
superfluid without BEC. In principle, rotational proper-
ties of a Bose-Fermi mixture could directly reveal super-
fluidity in such systems. Quantized vortices in a rotating
gas provide direct conclusive evidence for superfluidity
because they are a consequence of of the existence of a
macroscopic wave function that describes the superfluid.
Recently such experimental evidence was obtained for the
superfluidity in strongly interacting Fermi gas [12].
In this article we study the instability and collapses
of the trapped boson-fermion mixture due to the boson-
fermion attractive interaction in the presence of the quan-
tized vortices, using the effective Hamiltonian for the
Bose system [15, 16]. We analyze quantitatively prop-
erties of the 87Rb and 40K mixture with an attractive
interaction between bosons and fermions. The stability
of this system without vortices was recently studied [16],
and good agreement with experiment by Modugno and
co-workers [11] was found. As was shown in the experi-
ment [11], as the number of bosons is increased there is
an instability value NBc at which a discontinues leakage
of the bosons and fermions occurs, and collapse of boson
and fermion clouds is observed. In this article we esti-
mated the instability boson number NBc for the collapse
transition in the presence of the vortices as a function of
the fermion number and temperature.
II. EFFECTIVE BOSE HAMILTONIAN
First of all we briefly discuss the effective boson Hamil-
tonian [15, 16]. Our starting point is the functional-
integral representation of the grand-canonical partition
function of the Bose-Fermi mixture. It has the form
[17, 21, 22]:
Z =
∫
D[φ∗]D[φ]D[ψ∗]D[ψ] exp
{
− 1
~
(SB(φ
∗, φ)+(1)
+ SF (ψ
∗, ψ) + Sint(φ
∗, φ, ψ∗, ψ))} .
and consists of an integration over a complex field φ(τ, r),
which is periodic on the imaginary-time interval [0, ~β],
and over the Grassmann field ψ(τ, r), which is antiperi-
odic on this interval. Therefore, φ(τ, r) describes the
Bose component of the mixture, whereas ψ(τ, r) corre-
sponds to the Fermi component. The term describing
2the Bose gas has the form:
SB(φ
∗, φ) =
∫
~β
0
dτ
∫
dr
{
φ∗(τ, r)
(
~
∂
∂τ
− ~
2∇2
2mB
+
+ VB(r)− µB)φ(τ, r) + gB
2
|φ(τ, r)|4
}
. (2)
Because the Pauli principle forbids s-wave scattering be-
tween fermionic atoms in the same hyperfine state, the
Fermi-gas term can be written in the form:
SF (ψ
∗, ψ) =
∫ ~β
0
dτ
∫
dr
{
ψ∗(τ, r)
(
~
∂
∂τ
− ~
2∇2
2mF
+
+ VF (r)− µF )ψ(τ, r)} . (3)
The term describing the interaction between the two
components of the Fermi-Bose mixture is:
Sint(φ
∗, φ, ψ∗, ψ) = gBF
∫
~β
0
dτ
∫
dr|ψ(τ, r)|2|φ(τ, r)|2,
(4)
where gB = 4π~
2aB/mB and gBF = 2π~
2aBF /mI ,
mI = mBmF /(mB +mF ), mB and mF are the masses
of bosonic and fermionic atoms respectively, aB and aBF
are the s wave scattering lengths of boson-boson and
boson-fermion interactions.
Integral over Fermi fields is Gassian, we can calcu-
late this integral and obtain the partition function of the
Fermi system as a functional of Bose field φ(τ, r). It may
be shown [15, 16] that the effective bosonic Hamiltonian
may be written in the form:
Heff =
∫
dr
{
~
2
2mB
|∇φ|2 + (VB(r)− µB)|φ|2+
+
gB
2
|φ|4 + feff (|φ|)
}
. (5)
where
feff = −3
2
κβ−1
∫
∞
0
√
ǫdǫ ln
(
1 + eβ(µ˜−ǫ)
)
=
= −κ
∫
∞
0
ǫ3/2dǫ
1 + eβ(ǫ−µ˜)
, (6)
and ǫ = p2/2mF , µ˜ = µF − VF (r) − gBF |φ(τ, r)|2 and
κ = 21/2m
3/2
F /(3π
2
~
3).
The first three terms in (5) have the conventional
Gross-Pitaevskii [24] form, and the last term is a result
of boson-fermion interaction. In low temperature limit
µ˜/(kBT )≫ 1 one can write feff (|φ|) in the form:
feff (|φ|) = −2
5
κµ˜5/2 − π
2
4
κ(kBT )
2µ˜1/2. (7)
As usual, µF can be determined from the equation
NF =
∫
drnF (r). (8)
where
nF (r) =
3
2
κ
∫
∞
0
√
ǫdǫ
1 + eβ(ǫ−µ˜)
. (9)
At low temperatures we have:
nF (r) = κµ˜
3/2 +
π2κ
8µ˜1/2
(kBT )
2. (10)
In general case the Bose and Fermi systems have dif-
ferent temperature scales, and Eqs. (7) and (10) may be
useful for studying the temperature behavior of Bose sys-
tem, including the calculation of the critical temperature.
For example, the characteristic temperature for the Bose
system - the transition temperature for the ideal Bose gas
- is [24]: kBT
0
c = 0.94~ωB(λNB)
1/3. The Fermi temper-
ature for a pure system is [23] kBTF = ~ωF (6λNF )
1/3.
Taking into account that ωF =
√
mB/mFωB, one can see
that for mB > mF and approximately the same numbers
of bosons and fermions one can safely use Eqs. (7) and
(10) to describe the behavior of the Bose system.
Let us consider now the 87Rb and 40K mixture with an
attractive interaction between bosons and fermions [11].
The parameters of the system are the following: aB =
5.25 nm, aBF = −21.7+4.3−4.8 nm. K and Rb atoms were
prepared in the doubly polarized states |F = 9/2,mF =
9/2 > and |2, 2 >, respectively. The magnetic poten-
tial had an elongated symmetry, with harmonic oscilla-
tion frequencies for Rb atoms ωB,r = ωB = 2π × 215Hz
and ωB,z = λωB = 2π × 16.3Hz, ωF =
√
mB/mFωB ≈
1.47ωB, so that mBω
2
B/2 = mFω
2
F /2 = V0. The collapse
was found for the following critical numbers of bosons
and fermions: NBc ≈ 105;NK ≈ 2× 104.
At the zero temperature limit, expanding feff (|φ|) up
to the third order in gBF we obtain the effective Hamil-
tonian in the form:
Heff =
∫
dr
{
~
2
2mB
|∇φ|2 + (Veff (r)− µB)|φ|2+
+
geff
2
|φ|4 + κ
8µ
1/2
F
g3BF |φ|6
}
. (11)
where
Veff (r) =
(
1− 3
2
κµ
1/2
F gBF
)
1
2
mBω
2
B
(
ρ2 + λ2z2
)
,(12)
geff = gB − 3
2
κµ
1/2
F g
2
BF , (13)
and ρ2 = x2 + y2.
In principle, one can study the properties of a Bose-
Fermi mixture with the help of feff (7) without any ex-
pansion. However, the form of the Hamiltonian (11) gives
the possibility to get a clear insight into the physics of the
influence of the Fermi system on the Bose one (see discus-
sion below). It may be easily verified that the expansion
of the function f(x) = (1 + x)5/2 (see Eq. (7)) up to
3the third order in x gives a reasonably good approxima-
tion for f(x) even for rather large values of x, in contrast
with the higher order expansions, so one can safely use
Eq. (11) as a starting point for the investigation of the
properties of the Bose subsystem.
In derivation of Eqs. (11-13) we also use the fact that
due to the Pauli principle (quantum pressure) the radius
of the Bose condensate is much less than the radius of the
Fermi cloud RF ≈
√
µF /V0, so one can use an expansions
in powers of VF (r)/µF .
From Eq. (12) one can see that the interaction with
Fermi gas leads to modification of the trapping potential.
For the attractive fermion-boson interaction the system
should behave as if it was confined in a magnetic trapping
potential with larger frequencies than the actual ones, in
agreement with experiment [11]. Boson-fermion interac-
tion also induces the additional attraction between Bose
atoms which does not depend on the sign of gBF .
The last term in Heff (11) corresponds to the three-
particle elastic collisions induced by the boson-fermion
interaction. In contrast with inelastic 3-body collisions
which result in the recombination and removing parti-
cles from the system [30], this term for gBF < 0 leads
to increase of the gas density in the center of the trap in
order to lower the total energy. The positive zero point
energy and boson-boson repulsion energy (the first two
terms in Eq. (11)) stabilize the system. However, if the
central density grows too much, the kinetic energy and
boson-boson repulsion are no longer able to prevent the
collapse of the gas. Likewise the case of Bose condensate
with attraction (see, for example, [24, 30, 31]), the col-
lapse is expected to occur when the number of particles
in the condensate exceeds the critical value NBc.
III. VARIATIONAL APPROACH
The qualitative (and even quantitative) picture of the
stability of the system can be obtained in the framework
of the variational approach. In the system without vortex
the critical number NBc can be calculated using the well-
known ansatz for the Bosonic wave function [24]:
φ(r) =
(
NBλ
w3a3π3/2
)1/2
exp
(
−
(
ρ2 + λ2z2
)
2w2a2
)
, (14)
where w is a dimensionless variational parameter which
fixes the width of the condensate and a =
√
~/mBωB.
In this case the variational energy EB has the form:
EB
NB~ωB
=
2 + λ
4
1
w2
+ bw2 +
c1NB
w3
+
c2N
2
B
w6
, (15)
b =
3
4
(
1− 3
2
κµ
1/2
F gBF
)
,
c1 =
1
2
(
gB − 3
2
κµ
1/2
F g
2
BF
)
λ
(2π)3/2~ωBa3
,
c2 =
κ
8µ
1/2
F
g3BF
λ2
33/2π3~ωBa6
.
This energy is plotted in Fig.1 as a function of w for
several values of NB. It is seen that when NB < NBc
there is a local minimum of EB which correspond to a
metastable state of the system. This minimum arises due
the competition between the positive first three terms in
Eq. (15) and negative fourth term. The local minimum
disappears when the number of bosons NB exceeds the
critical value which can be calculated by requiring that
the first and second derivatives of EB vanish at the crit-
ical point. In this case the behavior of EB is mainly
determined by the second and fourth terms in Eq. (15).
For NK = 2 × 104 and aBF = −19.44nm we obtain
NBc ≈ 9× 104 in a good agreement with the experiment
[11]. It is interesting to note that the critical number of
Bose atoms in Bose-Fermi mixture is about two orders
larger than the critical number for the condensate with a
purely attractive interaction. For example, in the exper-
iments with trapped 7Li [3] it was found that the critical
number of bosons is about 1000.
If a vortex with angular momentum ~l is present in the
system, the variational wave function may be written in
the form [25]:
φ(r) =
√
λNB
(ωa)5π3/2
ρ exp
(
−ρ
2 + λ2z2
2ω2a2
)
eiϕl. (16)
In this case the variational energy has the form:
Eb
NB~ωB
=
2 + λ2 + 2l2
4
1
ω2
+Bω2 +
C1NB
ω3
+
C2N
2
B
ω6
,
B =
5
3
b,
C1 =
1
2
c1,
C2 =
2
9
c2.
From Fig. 1 one can see that the stability of the system
with a vortex is higher (in this case the critical number
of bosons NBc ≈ 135× 103) due to the centrifugal effect
(compare the first terms in Eqs. (15) and (16) and de-
creasing the number density of the bosons in the center
of the trap (fourth terms in Eqs. (15) and (16).
In Eq. (15) we use µ0F = ~ωF [6λNF ]
1/3 as the chemical
potential of the Fermi system µF . The corrections to µF
due to interaction with the Bose system have the form:
µF = µ
0
F [1 + m1], where m1 = 1/2κgBFµ
0
F
1/2
NB/NF .
It may be shown that m1 ≈ 0.09 for the values of the
parameters used in these calculations. The correction to
the chemical potential for the vortex state is the same.
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FIG. 1: Variational energy EB
NB~ωB
as a function of w for
various numbers of bosons. Upper lines correspond to the
energy of the system with a vortex.
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FIG. 2: Critical number of bosons NBc as a function of the
number of fermions NF at T = 0.
Upon increasing the number of fermions, the repulsion
between bosons decreases leading to the collapse for the
smaller numbers of the bosonic atoms. In Fig. 2 the crit-
ical number of bosons NBc is represented as a function of
the number of fermions for both cases: the state without
vortex and the state with the vortex.
It should be noted that the critical number of bosons
NBc is extremely sensitive to the precise value of the
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FIG. 3: Critical angular vortex velocity as a function of a
logarithm of the number of bosons NB .
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FIG. 4: Critical angular vortex velocity as a function of a
logarithm of the number of fermions NF .
boson-fermion s wave scattering length. This is illus-
trated in Fig. 3 in [28].
The critical velocity of the vortex state can be found
from the formula [25]: Ωc = (Eb(l = 1) − Eb)/~NB. In
Figs. 4 and 5 Ωc is shown as a function of NB and NF .
The curves in Figs. 3 and 4 are ending at the critical
points which correspond to the critical numbers of bosons
and fermions at which the collapse of the system occurs.
5The minima in Fig. 4 and intersections of the curves in
Fig. 5 seem to be artifacts of variational approach to
calculation of the critical angular velocity in the vicinity
of the critical points. It should be noted that the num-
ber of bosons in the system is rather large. In this case
the qualitatively and even quantitatively correct results
may be obtained in the framework of the Thomas-Fermi
approximation (TFA).
IV. THOMAS-FERMI APPROXIMATION
In the Thomas-Fermi approximation the kinetic energy
terms are ignored. It has been shown that in the case of
one component condensates the TFA results agree well
with the numerical calculations for large particle num-
bers, except for a small region near the boundary of the
condensate [24, 25, 26]. In fact, even for a small num-
ber of particles the TFA still usually gives qualitatively
correct results. The TFA provides an excellent starting
point of study of the vortex states in Bose condensates
(see, for example, [27, 28, 29]).
The Gross-Pitaevski equation that follows from the ef-
fective hamiltonian (11):(
− ~
2
2mB
△φ+ (Veff − µB) + geff |φ|2+ (17)
+
3κ
8µ
1/2
F
g3BF |φ|4
)
φ = 0. (18)
In TFA one can neglect the kinetic energy. In this case
boson density has the form:
|φ|2 = θ(µB − Veff)
geff
(
−1 +
√
1 + (µB − Veff) 3κg
3
BF
g2
eff
2µ
1/2
F
)
3κg3BF
4µ
1/2
F
(19)
In the limit gBF → 0 one has the conventional expres-
sion for the boson density [24, 25]:
|φ|2 = θ(µB − Veff) (µB − Veff)
geff
.
Equation (19) for the boson density n(r) = |φ(r)|2 may
be rewritten in the form:
n(r) = n(0)
(
1−
√
1 +
x¯2 + y¯2 + λ2z¯2 −R2
R2max
)
. (20)
Here
r¯i = ri/ah; R
2 =
2µB
c0mBω2Ba
2
h
;
n(0) = −4
3
geffµ
1/2
F
κg3BF
; R2max = −
4
3
g2effµ
1/2
F
κg3BF c0mBω
2
Ba
2
h
;
c0 =
(
1− 3
2
κµ
1/2
F gBF
)
.
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FIG. 5: Critical number of Bosons NBc as a function of the
number of Fermions NF in TFA.
Rmax is the radius of the condensate. The critical num-
ber of bosons can be determined from the condition that
the expression under the square root in (20) is positive.
In Fig. 5 the critical number of bosons is shown as a
function of the number fermions (lower curve).
Let us now consider a trap rotating with frequency
Ω along the z-axis. For vortex excitation with angular
momentum ~l , the condensate wave function is given by
φl(r) =
√
nl(r)e
ilϕ. (21)
In a rotating frame the energy functional of the system
is
Erot(l) = E(φl) +
∫
d3r(φ∗l )i~Ω∂ϕ(φl). (22)
After substituting the wave function for the vortex ex-
citation (21) in Eq. (22), the effective confinement po-
tential for the bosons becomes l2~2/2mρ2 + V , where
V = mω(ρ2 + λ2z2)/2 and ρ2 = x2 + y2. So within the
TFA the density of the vortex state has the form:
nl(r) = n(0)

1−
√
1 +
ρ¯2 + λ2z¯2 + l
2
c0ρ¯2
−R2
R2max

 .
(23)
The important new qualitative feature of a vortex in
the TFA is the appearance of a small hole of radius ξ,
ξ ∝ l/Rmax, but the remainder of the condensate density
is essentially unchanged. The fractional change in the
chemical potentials caused by the vortex (µ′(l) − µ′)/µ′
can be shown to be small [25, 27], of the order of 1/N4/5.
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B
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Vortex
FIG. 6: Density distribution of bosons as a function of radius
for different numbers of bosons and fermions calculated in
TFA.
In the calculation of physical quantities involving the con-
densate density it is sufficient to retain the no-vortex den-
sity and simply cut off any divergent radial integrals at
the appropriate core sizes ξ = l/Rmax. Note that us-
ing the unperturbed density for calculation of the vortex
properties corresponds to the hydrodynamic limit.
In Fig. 6 the density distribution of bosons calculated
from Eqs. (20) and (23) is shown as a function of radius
for different numbers of bosons and fermions.
The critical number of bosons in the presence of a vor-
tex can be calculated from the condition that the ex-
pression under the square root in (23) is positive. This
number is shown in Fig. 5 (the upper curve) as a function
of the number of fermions. As was expected the presence
of the vortex increases the stability of the system against
the collapse transition.
From Eqs. (22-21) and (11-20) and Eq. Ωc = (Eb(l =
1) − Eb)/~NB one can find the critical angular velocity
in TFA. The critical angular velocity as a function of the
numbers of bosons and fermions correspondingly is shown
in Figs. 7 and 8. One can see that the results are free
from the mistakes which are present in the variational
approach (see Figs. 3 and 4).
V. FINAL REMARKS
Finally, we make a short remark on the nature of the
collapse transition. In this article we found the insta-
bility point of the Bose-Fermi mixture with attractive
interaction between components with and without vor-
tex. A strong rise of density of bosons and fermions (see
2x104 4x104 6x104 8x104
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FIG. 7: Critical angular vortex velocity as a function of a
logarithm of the number of bosons NB in TFA.
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FIG. 8: Critical angular vortex velocity as a function of a
logarithm of the number of fermions NF in TFA.
Eq. (10)) in the collapsing condensate enhances intrin-
sic inelastic processes, in particular, the recombination in
3-body interatomic collisions, as is the case for the well-
known 7Li condensates [30]. In the presence of a vor-
tex there appears a hole in the middle of the condensate.
This reduces the maximum density of the condensate (see
Fig. 6) and increases the critical number of bosons. Re-
cently M. Yu. Kagan and coworkers suggested the new
microscopic mechanism of removing atoms from the sys-
7tem which is specific for the Bose-Fermi mixtures with
attraction between components and is based on the for-
mation of the boson-fermion bound states [32]. It seems
that the description of the evolution of the collapsing
condensate should include both these mechanisms.
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